1. (25 points) Look for a similarity solution of the form u(x,y)=y"f(n),n=x/y" to the

PDE:
U, —xu, =0, (—Fgx <o, y<w0)

a. Determine conditions on «and f# and obtain an ODE for £

b. Find the solution to the PDE with the conditions
w(0,)=1(y > 0) and u(x.0)=0 (%> 0)
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2. (10 points) Consider the wave equation on the half line with
U ~u, =0 (O<x<oo, y>0),

sin(%(x—l)) l<x<3
0 otherwise
u(x,0)=0, (x>0 and u(0,y)=0  y>0

u(x,0)=

2

On the graphs below and on the next page, sketch of the solution at y=0, 1, 2, and 3. Label the
tick marks.
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Problem 2, Continued
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3. (25 points) Use the Fourier Transform to find the solution to the following IVP:
U, —u,=0(x—y) (—o<x<w, y>0)
u(x,) =0, (-0 <x <)

You may leave the answer in the form of a single integral.
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3

{13 points) Longitudinal waves in a large circular ring containing a small spring insert
satisfy the following problem:

U, —u, =0, y20, 0<x<1, K(u(0,y)-u(.))=u(0,»)=u0y). Yz
K is the spring constant. The solution to this problem is of the form

u(x,y) :ZX,,(x)[A,,cosa)nerB" sine,y] y20, 0<x<1
=0

Are the eigenfunctions X, orthogonal?
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4. According to Fermat’s principle in optics, a ray of light traveling through a medium with
variable refractive n(x) index follows the path y(x)for which its total transit time is a minimum.
Recall that the speed v of light through a given medium is the speed ¢ of light in a vacuum
divided by refractive index n: v=c/n.

{(x232)=(2.1)
v(x)=c/n(x) £

4

Y

(x1.0)=(1,0)

a. Show that the total transit time for the ray of light along the path from (x;,))) to (x2,12)

2
is ][y]z%jn(x) H{%j dx

b. If #(x)=1/x and y(& =0, y(2) =1, find the path of light in the medium.




